Prescribed Time Spacecraft Attitude Control Using
Time-Varying State-Feedback™

Vikram Kumar Saini®, Dipak Kumar Giri*
Department of Aerospace Engineering, IIT Kanpur, India, 208016

Renuganth Varatharajoo
Department of Aerospace Engineering, Universiti Putra Malaysia, 43400 Selangor, Malaysia

A time-varying feedback control law based on backstepping is proposed for the prescribed
arbitrary time stabilization and tracking for a chain of integrators. Prescribed arbitrary time
control permits the convergence time to be chosen regardless of the initial conditions or system
parameters. The sufficient condition is used to demonstrate Lyapunov stability for the system.
Analytical results and explanations are provided for the influence of convergence time on the
maximum needed control torque. Sliding mode control is paired with the time-varying feedback
approach to make the control law robust to reject the bounded disturbance. The control law is
then applied to a spacecraft’s attitude motion that is susceptible to the bounded disturbance.
A quaternion-based attitude representation is utilized to avoid mathematical singularity. The
control law is written using a full quaternion with four components instead of only three in the

vector part. Finally, promising numerical simulation results are presented.

I. Nomenclature

V= Lyapunov function

g = quaternion

w = angular velocity quaternion
w = angular velocity vector

u = control input

s = sliding surface

J = inertia matrix

* A version of this paper was presented in ATAA SciTech 2023 Forum on 23-27 January 2023 at National Harbor, MD and Online with manuscript
number AIAA 2023-2172

fPhD student, Department of Aerospace Engineering, Indian Institute of Technology, Kanpur, India 208016.

¥ Assistant Professor,Department of Aerospace Engineering, Indian Institute of Technology, Kanpur, India, 208016.

$Professor, Department of Aerospace Engineering, Universiti Putra Malaysia, 43400 Selangor, Malaysia



II. Introduction

In control system applications, a controlled system’s convergence time is a crucial performance criterion. Achieving
finite-time stability rather than asymptotic stability is a common goal in a variety of applications, such as spacecraft
attitude control, missile guidance, hybrid formation flying and group consensus, as well as in online differentiators and
state observers [[1]. Many space operations, such as surveillance, spacecraft rendezvous and docking, and formation
flying, have difficulties with attitude control subsystems. The amount of time it takes for the spacecraft to converge to
the correct orientation is crucial since it might decide whether the mission succeeds. In practice, the attitude control
system demands a specified settling period, or when the system’s states converge to its equilibrium with a minimum
steady state error [2]. However, since the attitude motion of spacecraft is inherently nonlinear, model parameters are
sometimes unknown, and also, due to the presence of external disturbances, designing the attitude controller for a high
control accuracy and a fast response in the prescribed settling time remains a challenging problem [3]].

Recent research has focused on the finite and fixed time control to address the problem of pre-determined settling
time. Finite-time stability refers to the stability in the sense of Lyapunov such that its trajectories converge to zero in
finite time. Sliding mode control is a widely used method for finite-time convergence. Fractional power feedback and
homogeneity property are two popular approaches in sliding mode control for finite-time convergence and robustness
against bounded disturbances. It should be noted that a fractional power feedback renders a discontinuous control action
[4]. The finite-time stability of homogeneous systems is examined by [3]] and it concludes that a homogeneous system is
finite-time stable if and only if it is asymptotically stable and has a negative degree of homogeneity. The work in [6]]
defines finite-time stability and provides a meticulous analysis of the finite-time stability of autonomous systems. The
author in [[7] has further investigated the homogeneity properties of higher order sliding modes and proved finite-time
convergence of the same. Further, the work in [8] presents a state-feedback controller that provides global finite-time
stability to a class of nonlinear systems that are dominated by the lower triangular system using a nonsmooth feedback.
The authors in [9] addressed sufficient and necessary conditions for finite-time stability of affine systems having the
uniqueness of solution in forward time without assuming the continuity of settling time function at origin. Controllers
designed in [[10] approaches to equilibrium in finite-time using the non-singular terminal sliding mode control. The
authors in [[11]] propose a non-singular terminal sliding mode control for a second order nonlinear plant such that it
ensures a bound on settling time of state after reaching the sliding surface. Further, the authors in [3]] proposes a novel
integral sliding mode surface with the aid of the saturation function and a homogeneous theory, which can converge the
system state to the equilibrium point in finite time.

The notion of fixed-time stability was introduced by [12] which is to control the global settling time which does not
depend on initial conditions and system parameters and proposed two approaches of achieving guaranteed settling-time
using polynomial feedback laws and a modified second order sliding mode control. It should be emphasized that

the fixed-time control approach guarantees the boundedness of settling time but it does not allow the assignment of



prescribed settling time within physically allowable range due to some restrictions. The author in [13] concludes
that any finite-time convergent homogeneous sliding mode controller can be transformed into a fixed-time convergent
with an upper bound on its convergence time, which is independent from initial conditions. An implicit Lyapunov
function-based approach for fixed and finite-time stabilization and linear matrix inequalities are used to define fixed
and finite-time stability conditions which ultimately facilitates the tuning of controller for a given settling-time was
proposed by [[14]. However, [[11} (12} [14H16] ensures finite and fixed-time stability but they do not offer any direct and
simple solution to the controller tuning for a given settling time.

Then, a new class of systems called prescribed time stable came into existence by the the work of [17] where the
authors explicitly take the settling time into account in its time-varying feedback control law to achieve prescribed
finite-time regulation with no dependence on initial conditions and system parameters using a scaling function that
grows unbounded towards the terminal time. Further, the paper [18]] introduced the notion of arbitrary time stability and
prescribed arbitrary time stability. The control law offered by [18]] is based on a non-autonomous differential equation
whose solution approaches to zero in a predefined settling-time. The paper [[19]] further extends the approach introduced
by [18] and offers its integration with a general sliding mode control. The authors in [20] applies the work of [[18] on
the rigid body motion on SO(3). However, the work in [21] pointed out an error in stability analysis of [18] for second
and higher order systems, which then was addressed by [22]]. The paper [23] also has pointed out an important technical
error in [[18] that the claim of bounded input even if the state grows large was false. According to work in [23]], the
input will be unacceptably large at its initial time for large negative values of the system state x < 0. This issue of large
input specially at the initial time moment is also highlighted in [24] with simulations. Our work is motivated by the
modification in the non-autonomous differential inequality offered by [18] such that the modified differential inequality
always gives a lesser control input.

Considering the aforementioned discussions, in this paper, a novel non-autonomous differential equation having a
time-varying gain is designed as a control input to ensure that system states settle to zero within a specified settling
period, regardless of initial conditions or system parameters. It should be emphasized that in the classical finite-time
control, the settling time is defined by the initial condition of the system as well as a number of design considerations,
and as a result, it is impossible to arbitrarily prescribe the settling time. The time-varying gain-based prescribed-time
control uses a regular state feedback, rendering a smooth control input. The control design and stability analysis for
high-order systems has been simplified by using the proposed prescribed-time control methodology, which depends only
on a normal Lyapunov differential inequality stability analysis rather than a fractional Lyapunov differential inequality.
The controller parameters can be changed at will to change the rate of convergence, but they have no effect on the upper
bound of the settling time. The boundedness of the control input for a second order system is demonstrated using
the extreme value theorem. Analytical results and explanations are provided for the influence of convergence time on

the maximum needed control torque. The control scheme presented in this research ensures prescribed arbitrary time



stability and tracking of spacecraft attitude motion employing quaternion attitude description. First, a general prescribed
arbitrary time controller for a chain of arbitrary order integrators is obtained, and then, a controller for a spacecraft
attitude motion without external disturbances is derived. In addition to prescribed arbitrary time control, a sliding
mode control employing the exponential reaching law is used to reject the bounded disturbance. Other types of sliding
surfaces can be employed depending on the requirements, but in the interest of keeping this control system simple, we
utilized a linear sliding surface. Finally, numerical simulation results are shown to demonstrate the effectiveness of the
proposed control strategy.

The following is a breakdown of how the remaining paper is structured: The dynamics and kinematics of spacecraft
motion are described in section 3 and in section 4, preliminary definitions and the main results of prescribed arbitrary
time stability are presented. Section 5 presents a generic control law derivation process up to 2nd order, which is
then generalized for n'* order systems, after which a control for spacecraft dynamics is derived and its stability is
demonstrated. The sliding mode controller is integrated with the prescribed arbitrary time control law in the concluding

part of section 5. The simulation results are provided in section 6. Finally, section 7 concludes the paper.

I11. Spacecraft Attitude Motion
In this section, the rotational motion of a fully actuated spacecraft is considered and its attitude is described in terms
of quaternion. For deriving the motion dynamics, two coordinate frames are considered and also, it is assumed that
the satellite is a rigid body. The reference frames are the Earth-centered inertial frame (XY Z) and satellite body-fixed
frame (xyz) that coincides at the c.g. of the satellite. Let the current attitude of the spacecraft w.r.z. to inertial frame
4

is represented by g € [g0, 91,92, q3]", where ¢, = [q1,92,93]7 € R? is the vector part and g is the scalar part of

quaternion and satisfies g7 ¢ = 1. The governing equations of the attitude motion are given as follows [25} 26]]

Ci=%61®¢0 ()
Jow=-0Jw+u+d(t) 2)

where w = [0, w"|T € R* is the angular velocity quaternion, w = [wy, ws, w3]” € R? denotes the angular velocity of
the spacecraft in the body frame (xyz) w.r.t. inertial frame (XY Z), J € R3*3 is the moment of inertia tensor, u € R3

denotes the control command and d(¢) € R? denotes the external disturbance which is assumed to be bounded in this



paper, & € R**3 is the skew-symmetric matrix that facilitates the cross product with w € R? as given by

0 —w3 w?
O = w3 0 —-wq (€)]
—W?7 w1 0

Let ga = [qo,» 91,9245 93,)T € R* be the desired quaternion attitude and q;l = [q045—q14>—q2,4>—q3,]1T € R*is the

conjugate of g, then the quaternion error, denoted by g, € R*, can be written as [27]

Ge=4q5'®q )
And, the error kinematics is derived as

Ge=q5' ®(4—qa®qe) )

Using Eq. (I) for both g, and g4, Eq. () becomes

. I 1 1 D
e =794 ®(590® - 54a® Wy Bqe)
1 _

=39® (0 -q. ®wg &) (6)
Here, wf,) € R* is the desired angular velocity quaternion of desired reference frame (xpypzp) . Let de be the desired

angular velocity quaternion of the body-frame (xyz), then the transformation between angular velocities in body-frame

and angular velocity in the desired frame can be made through the following expression

ol =g¢g. 00804,

As aresult, Eq. (6) becomes

1
Ge = qu@’(w—wfj) @)

By writing Eq. asw — wg =2q;' ® g., we get



W -0 =24, ® 4o +2q;" ® G

=21l ge II”.0) +2¢;" ® G ®)
The vector part of Eq. (8) can be written as
- o8 =2Gg, )
By rearranging Eq. (9), we get
1
Ge = 5GT(a)—a)g (10)

where
—q1 qo q3  —q2
G=|-q -3 q

—q3 q2 —q1 q0

e
It is to be noted that for a tracking problem, a')dB will be non-zero and it is required to compute correctly in the body-frame

(xyz). Let R(gq.) be a rotation matrix that transforms a vector from body-frame to desired frame, cudB = R(qe)ng. or
wg =R(ge) w7 +R(ge) 0f oy

In the following Section, the preliminaries definitions are briefly presented for defining some terminology associated

with the control methodology that is discussed in Section (4)

IV. Preliminary definitions and Stability Analysis

Consider the following nonlinear non-autonomous system

X =g(t,x;6),x(to) = xo (12)

where x € R" is system state, § € R" is the time-invariant system parameter and g : Ry U {0} X R" — R" is a
non-linear function whose origin lies at x, = 0, such that it satisfies g(#, 0, §) = 0 and the initial time is represented by

to € Ry U {0}. The following definitions are used to obtain the prescribed time control that are presented in the next



section.
Definition 1:(Globally finite-time stable) The equilibrium point of system (I2) is called globally finite-time stable if is
globally asymptotically stable and any solution x(z, xg, 8) of converges to equilibrium point in some finite time
moment. Alternatively, x(z, xg, 0) = 0, Vt > T (x, 6), where T (x, 6) is settling time function which depends on initial
conditions and system parameters [12].
Definition 2:(Fixed time stable) The equilibrium point of system (12) is called fixed time stable if it is globally finite
time stable and T'(xg, 8) is upper bounded. Alternatively, 37,45 > 0 : T(x0,0) < Tax[12].
Definition 3:(Arbitrary time stable) The equilibrium point of the system (I2)) is said to be Arbitrary time stable if it is
fixed time stable and 37 (xg, 8) > 0 for some given x( and 6, also if T'(xg, 8) can be adjusted arbitrarily by changing 6
such that it possible to establish either of the two conditions

i. T(x0,0) > Ty

ii. T(xo,0) = Tr ,where Ty is the true fixed time [18]].
Definition 4: (Prescribed Arbitrary time stable) The equilibrium point of the system is said to be Prescribed
arbitrary time stable if it is fixed time stable and 37" > 0 independent of xo and 6 which can be chosen in advance and it
is possible to establish either of the two conditions

i. T > T,y (Weak stable)

ii. T = T; ¢ (Strong stable) 18]
Based on the above definitions (1-3), the following remarks 1 and 2 are given:
Remark 1: Subject to definition 1, the states reach to the origin in finite-time based on the values of initial conditions
and system parameters chosen. But, in the case of fixed-time control, the convergence time cannot be greater than 7},
which is known to the user in advance. Moreover, in fixed-time control, there is no means to set 75,4 to arbitrary values.
This limitation can be handled in an arbitrary time control, where the user can set the convergence time (7 (xg, 8)) to
any arbitrary value with adjusting 6; but, it is not always permitted to change 6. Hence, these conditions limit the
applicability of above strategies to the systems when desired convergence time is required.
Remark 2: In the evidence of above Remark 1, the definition 4 establishes the prescribed time stable control which uses
an uneven exponential transformation of system states with a time varying feedback gain to achieve the prescribed time
control. Moreover, due to the use of uneven exponential transformation, the feedback gain becomes very high or more
control efforts are required while system states are negative (Remark 5). This limitation is adjusted in Proposition 1
with considering the linear time varying state-feedback system. This resolves the issues of high gain requirements for
the system to be controlled.
Proposition 1: Consider the equilibrium point (x.) of the system given by Eq. lies in the domain D c R". Assume
that 8 (x) and B, (x) are the positive definite continuous functions on D c R", then V:I x D — R, U {0} is a real and

continuously differentiable function that satisfies the following conditions



Bi1(x) <V(t,x) < Br(x),Vt € L,¥x € D — {0} (13)

V(t,00=0,Vt € L (14)

where L = [to, ) and n > 1 is a real number, then it implies that the equilibrium point (x, = 0) is
(I) weakly prescribed arbitrary time stable and Ty < ¢ — to, where Ty is the real fixed time and 7 is prescribed settling
time, when the following inequality holds

-
v 1 waoviel (15)

tp—1t

(IT) strongly prescribed arbitrary time stable and and T = ¢ — o, when the following equality holds

.oV
v="l"_wwzovielL (16)
tf—t

Proof: Firstly, the uniform stability of the system in Eq. is proved as a result of uniform stability and
boundedness of the solution of V(t,x) can be concluded. It can be easily shown from Eq. that V(z,x) < 0
Vxand ¢t € L. Let A > 0 and @ > O such that By C D,a < min|y=281(x), then, {x € B, | B1(x) < a} is the
interior of B, as shown in Fig. . Let’s define a time-dependent set ¢, , = {x € B,|V(t,x) < @}. ¥, o contains
{x € Ba|B2(x) < a} since B2(x) < @ = V(t,x) < @. On the other hand, V¥, is a subset of {x € B,|8(x) < a}.
Since V(t,x) < a = Bi1(x) < a,{x € B|B2(x) < @} C ;.o C{x € Ba|Ba2(x) <a} c By c Dforallf € L. Since
V(t,x) <0onDVx €y, andt € L, the solution starting at (o, xo) stays in i, , for all € L. Therefore, any
solution starting in {x € B, | B2(x) < A} stays in y; o, and consequently in {x € B, | 81(1) < a},forallt € L, since
V(t,x) < V(to,xp) for all t € L . For the given conditions, there exists class k functions, y; and y, defined on [0, 1]

such that

Yillx [l Bi(x) <V(t,x) < Bo(x) <yl x|l a7

Combining the inequalities defined in Eq. (I7), it can be deduced that it is seen as

Ix(0) < v 'V (e, x(0) < v 'V (10, %0) < 77 'y Nl x(10) |l

Since yl‘l o7, is a class « function , the inequality || x ||< 71‘172 |l x(#o) || shows that the origin is uniformly stable [28].
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Fig. 1 Geometric representation of sets in proof of proposition 1.

Now, the proof of the prescribed arbitrary time strong stability can be presented. Let us assume that V (¢, x) satisfies
the differential inequality defined by Eq. for the initial condition, V' (0, xg) = V (¢, xp). Assume that V (¢) is the

solution of the following differential equation

av. . -nv
& (18)
dt  ty—t
Integrating Eq. (I8) from 0 — 7, yields
/t d_V 3 t —T]dt
o V o If—t
Vv ty—t
In(—) = nln(=
() = (L)
where 7 > 1 € R. The solution of Eq. (I8) becomes
t
V(1) =Vo(l1 - —)7 (19)
ly
where Vy = V(19). From Eq. (19), we have
. \% t
V() =-T2(1 - =) (20)
I ty

From Eq. , it can be seen that V dynamics yields to be zero at ¢ = ¢4 and from Eq. , V() =0att =ty
hence, Vt > 17, V() = 0 is maintained.This proves the strong prescribed arbitrary time stability for z. Therefore,
T, =ty —ty = Ty. The following Lemma 1 is considered for showing the weak prescribed time stability of V(z, x).

Lemma 1(Comparison Lemma): Consider the following scalar differential equation.

V] = f(l‘,Vl),V] (to) =Vio

where f(t,V)) is continuous in ¢ and locally Lipschitz in V; for all # > O and all V} € J € R. Let [, T) (T could be



infinity) be the maximal interval of existence of solution of V| (#) , and suppose V;(¢) € J for all [#9,T). Let V,(z) be a

continuous function whose upper right-hand derivative D*V,(¢) satisfies the differential inequality
D™V (1) < f(£, V1), Va(to) < Vio

with V,(¢) € J for all [¢y,T). Then, V,(t) < Vi (¢) for all ¢ € [y, T) [28].
Now based on the above Lemma 1, the weakly prescribed time stability can be proven. Let us consider the scalar
differential equation given by Eq. and the solution of Eq. is given by Eq. (I9). And, the rate of change of Eq.

|i is given by Eq. . It was shown that V(¢) and V(¢) go to zero as t — ¢ . Now, if we consider the weak stability

criteria V < ;L_‘;, From Comparison Lemma 1, it can be concluded that the solution of V() and its derivative will

satisfy the inequalities

V() < Vo(1 = Ly7 @1)
Ly
and
Vi) < -0 = Lyn- (22)
ty ty

From Egs. and , it can be concluded that V(¢) and V() go to zero as t — t 7. Therefore, the weak prescribed
arbitrary time stability of V(z,x) has been proven which results into Ty <t — t9. The completes the proof of the
Proposition 1. Based on the above Proposition 1, the control law has been designed and shown in the following Section

4. The differential inequality given by Eq. (I5) nicely fit into the backstepping framework which is shown later.

V. Control Design
The following section describes the backstepping framework for the proposed linear differential inequality Eq. [T3]
Explicit derivation for the prescribed arbitrary time controller is given for the first and second order systems, followed
by the prescribed time stabilizing nature of the same linear differential inequality Eq. |15|is proven for n’"order system

by using arguments based on the principle of mathematical induction.

A. First order system
Consider the following first order system

X =u;x(ty) = xo (23)

10
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Fig. 2 First order system trajectory for arbitrary initial conditions.

where x € R is the state of the system, u € R, U{0} x R — R is control, x = 0 is the origin of Eq. , and 7y € R, U{0}

is the initial time. The control law is designed as

— g <t<lty
u={"" (24)
0 otherwise
Let the Lyapunov function for the system given by Eq. (23)
1% L2 (25)
==x
2

And, the time derivative of the Lyapunov function gets reduced to

—nx? _ 2nv

= = 2
tr—t tr—1t (26)

V = xx
Based on the Proposition 1, the Eq. (26) has the same structure as that of the dynamics of strongly prescribed arbitrary
time stable system. Hence, it can be easily shown that x = 0 at = 77. Again, from Eqgs. (]22[) and @), x =0 for
t > ty. Hence, Eq. @) is prescribed arbitrary time stable system with the control law given by Eq. @) Simulations
for the first order system trajectory for arbitrary initial conditions are shown in Fig. (Z). The simulations verify the
theoretical conclusions for the prescribed time convergence. In all cases, the state of the system converges to the origin

in prescribed time ¢ ¢ = 7s.

11
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Fig. 3 First order system trajectory.

Remark 3
The origin of differential Eq. (T8) is attributed to the exponential decay equation, x = —kx, where k is a constant.
If k is changed to k(z) = n/(ty —t) as a time-varying gain, the solution of the resulting non-autonomous equation

(x = —k(#)x) becomes prescribed time convergent.

Remark 4
Since the solution of Egs. (17) and (18) are same, from Eqgs. (19) and (20), the expression |x| = Z—jfo(l - #)'7_1 is
always bounded and it can be easily seen that |%| < %}“" for Vt € [0,17). The maximum value of the control input

(|| = |ul) occurs at the initial point when the system is at maximum distance from the equilibrium.

Remark 5
The control input defined in Eq. (24) grows linearly with respect to the state of system; whereas, in [18]], input grows

Sp(l=e™) i plleeno]
e which implies |x| < r

exponentially when state x < 0 because X = . Clearly, for the same initial
conditions (i.e., xo < 0, 77 and 7) considered in [18], the demanded control input is comparatively high in magnitude in
[L8] compared to the current findings in this paper. The figure (3) shows the simulation of a first order system with the
initial conditions x(0) = 5,7 = 2 and #y = 7. It can be seen from Fig. that the maximum value of the demanded
control input is relatively high in magnitude (dotted line) using the method considered in [18] compared to the proposed
approach (solid line) in this paper. Also, using the present approach, the system trajectory follows a smooth convergence
to the origin; whereas, in [[18], though the states follows a smooth path until time 7 ¢, but there is a steep convergence for
t > ty. The abrupt change of state also corresponds to a the highest demanded control input.

Also, as discussed by [23]], the control input for the approach in [18] becomes very large when x(0) < 0. This
condition is shown in Fig. @]) for x(0) = =3, =2 and ¢ty = 7. It can be seen that with the proposed concept, though the

convergence scenarios more or less are similar but the requirement of control input is relatively less with the proposed

method.

12
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Fig. 4 First order system trajectory for negative initial condition.

B. Second order system
In this sub-section, we extend the concept of prescribed time control to the second order system. Consider the
following second order system

X1 =x2,X0=1u 27
Let x»4 be the desired value of x,, then based on the Eq. @),xw can be written as

—niX1
xog= - o g 21 (28)
tf -1

Let ¢1 = (m1x1)/ (5 — 1), to backstep, let the change of variable denoted by w, as

Wo =Xp —X2q = X2 + ¢y (29)

Taking the time derivative of Eq. (29), we have

9 d¢)
oo 001 001 30
w2 x2+6x1x1+ 5 (30)
So, the transformed system becomes
. . 0¢r .,  0¢1
= W — by, Wy = s i 31
X1 =w2— ¢1,Wo u+6x]xl+6t (31)
Let the Lyapunov function be
1
V= 5(x% +w3) (32)
then, on differentiating Eq. (32), yields
V = x1X] + wawy (33)

13



Substituting Egs. (30) and (31)) in Eq. (33),

. 0 0
V=32 = 91) + kS wy = )+ (34)
X1 ot

Now, the control law is taken as

d¢1 9¢)
X1 = go(wWa—¢1) - —¢2 to<t<t
= Ox1 or f (35)

0 otherwise

where
_ 2wa
tf -t

Using the Eqgs. (28) and (33)), Eq. (34) becomes

V=—xi1¢1 — X207

2 2
11X X
__mh (36)
tp—t ty—t

Let 7, > ny or g, =11 + &, where & > 0 is a small positive number, then Eq. (36) can be written as

2 2 2

. 1X 1w eEw

R Ll B L R (37)
tr—t ty—t tr—1

2
Since ;lft > 0, Eq. 1) becomes
)

tf—t

V<

(38)
In the right side of Eq. , the expression (x% + wg) can be replaced by 2V Eq. and the Eq. gets reduced to

_27]1V
tr—t

V< 39
Now, according to the Proposition 1, it can be said that Eq. (39) is the dynamics of prescribed arbitrary time weak stable
system. Hence, by the similar arguments made for the first order system (sub-section 4.1), it can be concluded that
V =0att < ty. Further, the control law defined by Eq. (]3_'5[) takes the system states to x; =0 and wy =0 atf < t7. In
the following, the prescribed time control can be proved for n + 1'% order system. It is assumed that there is a control

input denoted by u,, can stabilize the system of order n in prescribed arbitrary time. By inspecting Eqs. (23) and (32),

14



the Lyapunov function can be constructed for an n + 1"”order system as

1
Vier = Vo + 5Wﬁ+1 (40)

where V), and V,,;; are the Lyapunov functions for the systems of order n and n + 1, respectively. Taking the time

derivative of Eq. (40), yields

. oV, v, V
Visl = 2= X1 + =W + oot oW+ Wi Wi (41)
Ox1 Owr own
After simplification, Eq. (4I) becomes
Vn+l =X1X1 +WoWo + ...+ W, Wy + Wit Watl 42)

Let u,. be the control for n + 1'* order system, then using the change of variable defined in Eq. , Eq. can be

written as
Vsl = —X101 — Wadee. = Wndhn — Wasl Wit
==X101 = W2d2... = Wnp — Wit (Uns1 — X(n+1)d) (43)
where
b= W S =2 (44)
l‘f -1

In Eq. , Uns1 can be derived for the n + 1/ order system by following the backstepping procedure described in

sections 4.1 and 4.2 for the first and second order systems, respectively, and given here in an abstract form as

fC] = X2
Xy = X3
Xn = Xn+1
Xnsl = Unsl (45)

15



Using Eq. (29), u,,+1 can be expressed as

Upsl = —Xp +X(n+1)d (46)

where x(,+1)4 acts as a virtual control and stabilizes the system up to order n. The expression x(,+1)4 i related to the

previous states in the following means

X(natyd = f(x1, X2, ...Xp)

or,

. _of .  of. of . of
X(n+l)d = ax1x1+ax2x2+ ...... +0xnx"+ ET

Now, substituting the expressions of #,4+1 Xp+1,X(n+1)q and ¢, in Eq. @) and using the definition of quadratic

Lyapunov function defined in Eq. , expression of V,,,1 in Eq. (@ gets reduced

Vn+1 < _277minV
tr—1t

JMmin = min(n;|i = 1,2,3...n) 47

By invoking Proposition 1, it can be concluded that n’" order system becomes prescribed arbitrary time stable. And, by
mathematical induction, the above result holds for any arbitrary n € N. This completes the proof that n'" order system

is prescribed arbitrary time stabilizable with the control u,,.

C. Boundedness of u(r)

In this sub-section, the boundedness of the proposed control given by Eq. (33) is shown. Let u,,4 be the maximum
required control, then from Eq. @, it can be seen that u = u,,,4x Will occur at z < t¢. The first part of Eq. @) is
rewritten as

9

0
u=—m—£(w2—¢1)—§—¢2 (43)

Now, using the definitions of ¢1 = (1x1)/(ty —t) and ¢5 = (2w2)/(tf — 1), O¢1/0x| and d¢; /It are obtained as

Of1 _ _m_ (49)
ox; tr—t
0¢1 n1X1
/A 50
ot (ty —1)? 0)

Using Eqs. @8), @9) , (50) and (29), Eq. {@8) becomes
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mx
n1x2 n1x1 m(x2 + tfl_‘;
u=-xy— - -
tp—t  (ty—1)? tr—t
+ +
- - (m +m)x2+mmx1  mx 51)
tr—t (ty —1)?

Now, the boundedness of control torque u will be proven using the extreme value theorem. If a real-valued function u(¢)
is continuous on a closed interval ¢ € [a, b], then u must attain a maximum and a minimum each at least once. As a
result, u(¢) will remain bounded on that interval. Now, the control input u () defined in Eq. (51)) on the interval [0, 7 r)

can be written as

(m +12)x2(0) + mim2x1(0) — 71x1(0) (52)

t 2
f t ¥

u(0) = —x1(0) -

Let us assume that n; > 1 and 7, > 1 are sufficiently large such that x; — 0,x, — 0, ast — ty. Fort — 1y, the
term u(ty) in Eq. 1) goes to infinity, i.e., u(ty) — oo; but both the numerator and the denominator in 2nd and 374
terms (denoted by 75 and T3) of Eq. (5I)) tends to zero, making it a state of undefined. The limits of these terms can be

estimated using L'Hopital’s rule as following. Let us assume lim,_,;, u(#) = lim;—;, X2(¢) = L, then

L (1 +m)xa(ty) +mmaxi (ty)]

T =
’ L tp—1]
= —(m1 +m)i2(ty) — Xy (y)
= —(m +n2)L — mmnx2 (53)
Ty = & mxGp)] _ _mixi () _ _mxa(ty) 54)
@ [ =07] 2 2

Using the above terms for 7 — 75, Eq. (5T) can be simplified as

L=-x(ty) -Tr-T;s

mxa(ty)
= —x1(ty) + (m +m) L + mmaxa(ty) + Tf

_ —x1(ty) + mmxa(ty) + %ﬂﬂ

(55)
L—m -1
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t(s)

Fig. 5 Control at initial time 1 (0) vs. desired convergence time ¢ .

From Egs. and , it is clear that the values of «(0) and u(¢y) — L are finite value; hence, u(¢) is continuous on
the interval [0, 7). From the above analysis, it can be stated that using the extreme value theorem, u(¢) is bounded on
the interval [0, #¢) under the assumptions 77; > 1 and 57, > 1 such that x; — 0,x, — 0, as t — ¢y using the control
law defined by Eq. . Now, the effect of 7 will be examined on u (). Let us consider the initial conditions for the
system given by Eq. are x1(0) = —0.1, x2(0) = 0.1 and the control gains are 17; = 17, = 2. The control requirement
is shown in Fig. (5) at # = 0. It can be stated that the control requirement drastically reduces if we relax the desired
convergence time. Note that if 7, — oo, the control becomes |u| < |-x1(0)| Eq. and structurally looks like a
simple proportional feedback control with unity gain. In the next section, the application of the proposed control is

extended for the attitude control of a satellite.

D. Spacecraft Control with no disturbance
In this section, the application of the prescribed time arbitrary control algorithm is discussed on the attitude dynamics
of a rigid spacecraft. For designing the proposed control, a complete knowledge of system dynamics is required. The
derivation of the controller for the satellite attitude control without disturbances is described in this part, and the
disturbance term is incorporated in the dynamics in the next section.
Proposition 2: 1If the error dynamics in Eq. is considered with d(7) = 0, a control command « € R? can be
designed for the attitude stabilization and tracking control such that for any initial condition ¢(0) and w(0), the
17

quaternion error approaches to unit quaternion ¢ = [1,0,0,0]" and the error in angular velocity approaches to zero

We = w — wq = [0,0,0]” within desired time ¢ #- The proposed control is given by

J(2G(=Ge = Pgyw — ¢ —p) + 05) + dJw, 19 <1<ty
U= (56)

ZJa‘)lj +dJw, otherwise

where ¢ = [¢1, 62, ¢3. 21" € R* and pu = [y, pa, 3, pa]” € R* or

Nide 1 (qwi + ¢i)
pi=—— pi=—"—
l‘f—l‘ t‘f—t
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wherei =1,2,3,4;j =5,6,7,8,7:,m; = 1, e = qe — q1, 1 = [1,0,0,0]7 is a unit quaternion and P € R with
a,b ={1,2,3,4} is defined as

9¢1
a0 0 0 0
Oy
P 0 = 0 0
P — [ iﬁa ] — 5‘]92 (57)
0des 0 0 25 o
qe3
0¢4
o 0 0 F
Proof: The system given by Eq. can be written in a cascaded form as follows
de = qw,qw = U] (58)

where

1
up = zGT(a) )

1
qw = E‘Ie ®(“)_w§)

where u is a prescribed arbitrary time controller which will be designed later in this section. Using Eq. ), u; can be

written as following

1
up = EGT(J—l(u - dJw) - &F) (59)

Backstepping approach is used to derive the control torque u# which will ensure the convergence of the quaternion vector

part and error in angular velocity to zero in desired time #¢. To backstep, we define another variable as
dw = qw — qwd (60)
where ¢4 is the desired value of g,, which acts as virtual control and according to the Eq. defined as

Gwd = =0(Ge1, Ge2s Ge3> Ges) = =@ (61)

where ¢ is defined as follows

~ ~ ~ ~ T
— Nqel 1N29e2 MNiqe3 1M14e4

9 9 9 (62)
tp—1 ty—1t ty—1t ty—1
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Now, Eq. (60) becomes

Gw=qw+¢

Taking the time derivative of Eq. (63)), yields

‘jwz‘?w"'é"'Pqe

where P represents 574’ as described in Eq. . Now, the Eq. lb using the above transformations becomes

qezqw_¢’§w=ul+¢+Pée

It can be noted in Eq. that §. = g, since g, = g — q;. Now, consider the following Lyapunov function

NP
V= quqe + qu;qw

Taking the time derivative o f V, yields

V= qz‘je +57vTvq;w
:qe{(qw _¢)+67vTv(ul +¢.’+Pi]:e)

=G5 (Gw — @) + G (ur + ¢ + Pgy)

Let the control be

_q€_¢_qu_ﬂ(qW) to <t <ty
uy =

0 otherwise

where

~ ~ ~ ~ T
_ |Mmdw1 mqw2 N3qw3 M4qw4
tp—t tp—t tp—t ty—t

After substituting the value of #; into Eq. and using the relation G2 gy, = gy ! ge, we get

V==Gl¢-GLu

Using the Egs. (62),(69), Eq. (70) can be written as
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(64)

(65)

(66)

(67)

(68)

(69)
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4 =2 4 ~2

. k k+4

Vz_anek_Zn+qu (1)
o ty—t = tr—t

Let us assume 7,,,;, = 171, one of the n; (i = 1,2, 3...8) will be minimum so either of the 8 coefficients can be taken as

minimum for the following proof. Now, for a small quantity €; > 0, the following holds
1j+1 = Nmin +6j»1 <j<7

Substituting the above coeflicients in Eq. (71)), we get

4 3 ~2 4 2
. 1 " - €rq k 6k+3qwk
V= tmin ), —— |Go + G| - <+ (72)
g;ﬁ—f R Z;W—f 2; frt
Let us denote
3 ~2 4 2
€rq €k+39
A= kg Nk (73)
Hip—t Loty

Similar to the logic used in the Egs. and (38), 4 > 0. And, the term in Eq. can be written as

4
Z qek + qwk - ‘fZC?e + QZVQW (74)
k=1

Using the Egs. (73) and (74), the Eq. (72) gets reduced

Nmin(Ge Ge + G dw)
tf -1

_2nminv

l‘f -1

V<-—

(75)

Hence V < 0 and therefore, as stated in proposition 1, the attitude error and the error in angular velocity approach to
zero as t — ty¢. It can be noted that the control law u can be found out by substituting virtual control u#; derived from
(68) into (59). Now, the prescribed time convergence properties of the proposed control law in Eq. (56)) for arbitrary
initial conditions listed in Table (I)) are demonstrated in Fig. (6) via simulations. The simulations are in agreement with
the theoretical results. In all cases, the attitude quaternion and the angular velocity converge to the desired values of
ga =[1,0,0,0]” and w = [0,0,0]7rad/s within the prescribed convergence time 7 = Ss.

As it was demonstrated in the case of first order system for negative initial conditions, the control input required for
the prescribed time convergence was always higher when using the method of [[18]] than the method proposed in this paper
due to the uneven and exponential state feedback . We demonstrate that for negative initial conditions, spacecraft attitude

control also requires higher control input with the method in [ 18] than the method in this paper. The simulations are shown
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w(rad/s) (b)

I I |
4 5 6 7 8 9 10 3 5 6 7 8 9 10
Time(s) Time(s)

Fig. 6 Spacecraft attitude and angular velocity convergence in prescribed time for arbitrary initial conditions
(Rest To Rest Manoeuvre for ¢ = 5s).

S. No q(0) w(0)(rad/s)
1 [0.1601, 0.3203, 0.4804, 0.8006] [0,0,0]
2 [0.1601, —0.3203, —0.4804, 0.8006] [0,0,0]
3 [0.1091, —0.5455,0.3273,0.7638] [0,0,0]
4 [0.0662,0.8609, —0.1987, —0.4636] [0,0,0]

Table 1 Arbitrary initial conditions for attitude.

B - B
g d ¥
—_— At 0 e e _ - = L A
Desired 1 1
Angular 1 1
Velocity : :
1 1
qdd q. 1 Yes No |
* 1 P—
—_— q4®q —— N “kys— ;
Desired 1 |J6(-a kysign(s)— | |
Quaternion 1 |-Pq, Cq, 2@t + 1
V| -¢-w+af+aje| | “w_ 0T |
1 o | u
L 1
q
fdt ‘—q=%Q®w 4—[dt<—tiu=l’%—6]w+u+d) pu
Attitude Dynamics
Kinematics da(t)

Fig. 7 Block diagram for control architecture.
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1 2 3 4 5 6 7 8 9 10 5 6 7 8 9 10
Time(s) Time(s)

Fig. 8 Comparison of attitude quaternion, angular velocity and control torque for the proposed paper with
those of the [18] for ¢ = 5.

in Fig. . The simulations were conducted for the initial condition ¢(0) = [-0.1091, —=0.3273, —0.5455, -0.7638]"
, w(0) =[0,0,0]" and ty = 5s. The controller parameters for [18] were taken as n; = 5, (i = 1,2, 3...8) and for this
paper’s method n; = 7 was taken. For a fair comparison, the controller parameters in the case of [18]] were taken as
low as possible while showing smooth convergence. The simulations show that even with smaller controller gains
the method of [18]] requires as much as twice the control torque along all three axes in comparison with the method
presented in this paper. In the next section, we design the robust control for ¢ > ¢, after the system reaches to the
equilibrium. Before 7 < 7, the time-varying gain can cancel the disturbances affecting the system dynamics. But, after
t > ty, only the desired attitude derivative and the nonlinear terms in spacecraft dynamics are canceled. Therefore, it is

necessary to provide robustness against disturbances to the presented control law.

E. Robustness Analysis

In order to cancel bounded disturbances, a sliding mode controller is added to the backstepping framework, making
the combined controller a robust controller in nature. An exponential reaching law based sliding mode controller is used

to cancel the disturbance. With considering the disturbance in the system defined by Eq. (58), yields

de = qw>qw =u+1y (76)

where Ty = %GTJ ~14(t) is a Lipschitz continuous signal and u,- is a robust control which composed of u; (prescribed
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arbitrary time control) and sliding mode control (denoted by usasc) that helps the controller to reject the disturbance. It

is assumed that 7; is bounded by || Ty ||< 74, where 74 is the bound of the disturbance. The u, can be written as

up = uy +kuspc (77)

where k is defined as follows:

0 tp<t<ty
k= (78)

1 otherwise

In equation @) k ensures that sliding mode control is only active after the desired convergence time, ¢ s and before
which prescribed arbitrary time control (#1) can reject the disturbances. This technique helps the system to converge to
desired attitude and angular velocities even in the presence of external disturbances. Let us define a sliding surface
(s € R*) as follows

5 =qw+Cqe (79)

where C € R¥*4 is a gain matrix such that C;; > 0,1, j = 1,2, 3,4. The derivative of s is given by

§=qw+ Cée =gw +Cqy (80)

Using Eqgs. and (77), Eq. becomes

S=uy +kuspyc+Tq+Cqy (81)

In Eq. (81, the sliding mode control, ugasc, is taken as following based on the exponential reaching law.

usyc = —kis — kasign(s) — Cqyy (82)

where k1, ko € R¥* are diagonal and positive definite gain matrices. Consider the following Lyapunov function

V=—sTs (83)

After differentiating wrt time of Eq. (83), using the Eq. (1), Eq. becomes

V=sTs

= 5T (uy + kuspc +Tg+ Cqyy) (84)
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Quantity Initial condition
Quaternion(g(0)) [0.9981,0.0262, —0.0237,0.0506] "
Angular velocity(rad/s)(w(0)) [0.2,0.1,-0.3]T
Table 2 Initial conditions for simulation.

Parameter Value
ni,(i=1,2,3...8) 7

J diag{1,3,2} Kg.m?
d(t) [0.001,0.001,0.001]7 sin(4nt) N-m
a)dD [0.5,0.5,0.4]sin(t) rad/s

ki diag{2,2,2}

ko diag{0.001,0.001,0.001}

C diag{2,2,2}

Table 3 Simulation parameters.

It is already discussed that after f = f7,u; = 0 and k = 1. Using these conditions and control defined by Eq. @) Eq.

(84) becomes

V=—ksTs— kaols| + STTd (85)

If |k2| > |74l, Eq. can be written as

V < —ki|sTs| (86)

Since, V is negative definite for all ¢ > ¢ £, it proves that the sliding mode control input, ugsasc, is also stabilizing.
Therefore, it can be concluded that the robust control method presented in this section is globally stable and ensures
the convergence of system states in prescribed time. The block diagram representing the overall control architecture
is presented in Fig. (7). Figure (7) depicts the switching control strategy clearly by showing that the prescribed time
control brings the system to equilibrium within time ¢ and after ¢ the sliding mode based disturbance rejection is

activated.

VI. Simulation
In this section, the numerical simulation results of the prescribed arbitrary time stabilization and tracking of
spacecraft with and without external disturbances are presented. Initial conditions are provided in Table 1. Parameters
such as inertia matrix, controller parameters, disturbance magnitude and desired angular velocities are provided in Table
2. It should be noted that the initial conditions and all other parameters are kept same throughout the simulations.

1. Attitude stabilization: For attitude stabilization, desired quaternion is g4 = [1,0,0,0]” and desired angular
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velocity is wdD =[0,0, O]T. The figure @) shows the results for stabilization without disturbance. It is observed from
Fig. @ that the attitude quaternion vector part g, = [q1, g2, ¢3]" € R3 approaches to zero within prescribed settling
time, 7y = 5 seconds. Angular velocities also approach to zero within the desired settling time, ¢ = 5 seconds. The
torque required for this control scheme is maximum at the initial time because the system is at the maximum distance
from equilibrium.

Attitude quaternion approaches to unit quaternion within the limit of desired time ¢ as shown in Figs. @ka) and
@kb). The error in angular velocity approaches to zero within the limit of desired time ¢ which can be seen in Fig.
[I0(c). Figure[I0(d) demonstrate the torque required for stabilizations. The control torque is non-zero after the desired
settling time, ¢ = 5 seconds because it is continuously rejecting the disturbance, as seen in Fig. @Kd). As a result, the
angular velocity in Fig. [I0[c) is non-zero, in the order of 0.001 rad/s.

It can be noticed from the above simulations that there is an abrupt transition at £y = 5 seconds, which indicates that
the time varying control gain (17/t — t ) is increasing rapidly in efforts to bring the attitude states to origin as t — t¢. If
the control availability is high, then this jerky transition can be further reduced by increasing the control gains 7. An
increase in the control gain 7 corresponds to a higher required control torque at ¢ = 0.

2. Attitude tracking: For tracking, the desired quaternion is computed by integrating the derivative of the desired
quaternion which is obtained from the desired angular velocity. The desired angular velocity in the body frame is
obtained using the equation w5 = R(g.)"w? , and &% is obtained using Eq. (11). Figure shows the results for the
attitude tracking without presence of external disturbance. It is observed that after settling time ¢y = 5 seconds, the
output follows the desired attitude without any visible lag or delay. Similar tracking performance is also seen in Fig.
(T2) for the angular velocity tracking. The control torque for tracking is shown in Fig. (I3). The maximum control
torque demand occurs the initial time when the system is at its maximum distance from equilibrium.

Now, the simulation results of the spacecraft attitude tracking with the presence of external disturbance are presented.
Attitude quaternion tracks the desired quaternion within the limit of desired time 7 as presented in Fig. @ The
actual angular velocity of spacecraft tracks the desired angular velocity as seen in Fig. (I5). The demanded torque
during tracking maneuver is shown in the Fig. (I6). The findings from the current simulation show that the actual
convergence time is less than the desired convergence time. If the gains 7; are reduced any further, the convergence time
begins to grow and approaches 7y and vice-versa. It can be seen that in the absence of external disturbance, the highest
torque requirement occurs at the start. When applying this control scheme to actual systems, the torque demand at the
beginning point is a key quantity because if the torque requirement exceeds the actuator limit, the control designer may
have to raise the settling time requirement to reduce the maximum necessary torque.

Additionally, the performance of the presented control algorithm is tested for the inertia matrix, denoted as J,,, with
off-diagonal terms. The diagonal terms of J,, are increased by 50 percent from that of J. The disturbance model remains

the same as shown in the Table 1. The off-diagonal inertia matrix for the system is given in the following.

26



4
Time(s)
b
" (b)
= 0.999 .
0.998 : : :
0 2 4 6 10
Time(s)
0.2 ©
z 0 e
B | - e w
B 2
3 -0.4 I I 4, 5 6 “3
0 2 ) 6 10
Time(s)
’E‘ @) 103
T 1p P
z —
\a 0 4 5 6
E}
S
S ‘ ‘ ‘
0 2 4 6 8 10
Time(s)

Fig. 9 Stabilization of spacecraft without disturbance.
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Fig. 13 Control torque during tracking of spacecraft without disturbance.
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It can be noted that the dynamics propagates using the inertia matrix J,,; whereas, the control law uses the value of
inertia matrix given by J. This implies that we have uncertain inertia matrix J available to us for computing the control
input and the actual inertia matrix is J,, for the propagating the attitude dynamics. Initial conditions for the quaternion
attitude and angular velocity, control gains and the disturbance magnitude are kept same as provided in Table 1 and
Table 2.

Figure a) shows that the system stabilizes within prescribed time, 7y = 5 seconds. However, very small oscillation
of the attitude quaternion around the equilibrium point can be clearly seen. This is due to the presence of sinusoidal
disturbance in the dynamics. Figure[T7|c) shows the convergence of the angular rate to zero. Angular velocity also has
small amplitude oscillation around the equilibrium point. Figure[T7(d) shows the required torque to keep the system on
equilibrium. Non-zero torque is always acting on the system to reject the disturbance, which enters the system dynamics
both directly via external sources and indirectly via the uncertain inertia matrix.

It is important to mention that the control torque requirement is considerably high in magnitude at the beginning of
simulation and increases as the system initial conditions are farther away from equilibrium. If the system is far from
equilibrium, the control requirement may become excessive when our objective is to converge the system to equilibrium
in a very short period of time. The control designer must strike a balance between the settling time and the maximum
needed control torque, so that the actuators do not saturate. The plot in Fig. (I8) shows the control requirement at 7 = 0,
for the attitude stabilization with no disturbance case to demonstrate the effect of 7. Clearly, a very short convergence

time demands a very high control torque and vice-versa.

VII. Conclusion

For the quaternion-based spacecraft attitude control, an algorithm known as "prescribed arbitrary time control” was
presented in this study. The proposed control scheme ensures the prescribed arbitrary time stability and attitude tracking
with good performances for arbitrary initial conditions and system parameters. The control law handled the rejection of
disturbances quite well. It was shown that the control demand for the disturbance rejection rose dramatically, which may
need tuning when implementing this control law to actual systems. It is observed that the control demands at the initial
time is high, which can saturate the actuators. There are analytical results presented for a second order system for how
convergence time affects the maximum control torque that needs to be applied to the system. Future work on this can

include testing of this control algorithm under its input saturation. Experimentation would corroborate the reported
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findings even if the suggested controllers show impressive performance in simulations.
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